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On the general expression of the conformally covariant
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Abstract. We derive the general expression of the conformally covariant energy-momen-
tum tensor.

In a previous work we proposed the conformally covariant energy-momentum tensors
for the fields of spin 0,1 and %, in terms of which other conformal currents can be
expressed (Xu 1981). We shall now derive a general expression of the conformally
covariant energy-momentum tensor by starting from the general form of the Lagran-
gian from which the field equations are conformally covariant.

The conformal group consists of the following transformations

(i) inhomogeneous Lorentz transformations

x,=A.x,+a, 1)

(ii) dilatation transformations

X1 = pX, (2)
(iii) special conformal transformations
Xl =(x, +c.x)/Q Q=1+2cx+c’x> 3)

It has been shown that a set of fields ¢, (x) belonging to a linear representation of the
inhomogeneous Lorentz group behave under the conformal transformations as (Isham
etal 1970)

I ? ax’ 1/4
$ulx)= detb—x— DE(A(x))g(x) 4)
where
ax'| V% axl,
- ox. 5
A () }det 2 (5)

and [ is the conformal weight of the field &,(x). For the special conformal trans-
formations, hence we have

o (x)=Q"'DE(A(X))pa(x) (6)
where
DE(A(x)) = g8 +(c*x” —x*c")IE, . (7)
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I ﬁua denotes the usual spin matrices which satisfy the following relation
[Iu.l/s I/\O':I = gu.aIw\ + gw\Ip,o- - gy./\Ivcr - gqup,A- (8)

Since the A,.(x) depends upon x,, the ordinary partial derivative d,.¢.(x) is not
conformally covariant

a,dL(x)=Q""'dADE 8\¢s +2C %, 0ths —2lc, e (9)

where
dh =gk +2(cux™ —xuc?). (10)
Now let us examine the transformations of the Lagrangian. Suppose £ (¢q, 8,.¢.) to

be Poincaré invariant as well as dilatation covariant, then the Lagrangian under the
special conformal transformations becomes as (Flato et al 1970)

L (B 8u04) = VL (da, 8uba) +2¢ R,y (11)
where
Ry =~ (I atbs + Igrotba)
A raPp T L8N (12)
va 0L
T FE

We restrict ourselves to the case of R, =0 or R, =9,R. R is some scalar function of
fields ¢.(x), and has the conformal weight /[r =—2. The field equations will thus be
conformally covariant. The canonical energy-momentum tensor

T, = gL — Ty 8.0 (13)
transforms as
T, = Q%g., L ~didin ordg)+2c " wiI% bs

+2¢,m I8 atbp +28,,c "Ry —2¢,R, —2¢.R, (14)

so T, is not conformally covariant. In order to cancel the nonconformally covariant
terms in equation (14), we may add to T,, some extra Poincaré covariant terms such as

(L e + il e + oI ) B8] (15)
and
(8uv 8* =3, 8,)R (16)

and redefine the energy-momentum tensor @, as

O =T +a ' (w318, +molbne +molfra)bs]
+b(gu, 8°—3, 3,)R. (17)

The constants a and b in equation (17) are determined in such a way that ©,, is
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conformally covariant. On using the above special conformal transformation proper-
ties, we can obtain the transformations of equations (15) and (16) respectively as
a“\ [(Wf\algua + wLaIE/\a + ﬂLaIﬁ/\cx )‘b;?]

= Q4diD$Dg (ngﬁva + dZ.pra + d(:IﬁO'a ) 6A (ﬂ;(ba)

+4C/\7Tz15)\a¢3 + 4Cv7T/\aI5.Aa¢B

J/ R R R
+2c0 [(aaa(; Lo 55 Lo 3 50 I20.) 4] (18)
and
(8uy 8°—0L 3R’
=0%g,, 8°~d%d, 9, 9,)R +6g,,c* 8.R —6¢, 8,R —6¢, 3,R. (19)

For the massless field of spin 0 (R = —3&?) and that of spin 3, 1 (R, = 0), the last term in
equation (18) is identical to zero. Therefore we can verify from equations (14) and
(17)-(19) that

Ou = Ty —30" (TR e + il b + 0L fna )51 —5(8u 3 — 94 8,)R (20)
is conformally covariant, and has the properties
0, =0 0,=0,, @, =0. (21)

Equation (20) gives the general expression of the conformally covariant energy-
momentum tensor.

I should like to thank Professor A O Barut for useful discussions.
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